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Abstract
Both the parallel residual stress and parallel turbulent acceleration driven by electrostatic
collisionsless trapped electron mode (CTEM) turbulence are calculated analytically using
gyrokinetic theory. Quasilinear results show that the parallel residual stress contributes an
outward flux of co-current rotation for normal magnetic shear and turbulence intensity profile
increasing outward. This may induce intrinsic counter-current rotation or flattening of the
co-current rotation profile. The parallel turbulent acceleration driven by CTEM turbulence
vanishes, due to the absence of a phase shift between density fluctuation and ion pressure
fluctuation. This is different from the case of ion temperature gradient (ITG) turbulence, for
which the turbulent acceleration can provide co-current drive for normal magnetic shear and
turbulence intensity profile increasing outward. Its order of magnitude is predicted to be the
same as that of the divergence of the residual stress [Lu Wang and P.H. Diamond, Phys. Rev.
Lett. 110, 265006 (2013)]. A possible connection of these theoretical results to experimental
observations of electron cyclotron heating effects on toroidal rotation is discussed.
2I. INTRODUCTION
Intrinsic (or, spontaneous) plasma rotation is of great interest in magnetic confinement
fusion. Plasma rotation is thought to play a critical role in both stabilizing macroscopic
magnetohydrodynamic (MHD) instabilities, such as resistive wall modes1,2 and in reducing
turbulent transport level due to plasma microturbulence and thereby improving the perfor-
mance of plasma confinement. Intrinsic rotation is particularly important for the Interna-
tional Thermonuclear Experimental Reactor, because conventional neutral beam injection
(NBI) may not provide sufficient rotation drive due to its limited beam penetration. There-
fore, understanding the underlying physical mechanisms for intrinsic rotation generation
is an outstanding issue and there has been intensive research in intrinsic rotation in the
magnetic fusion energy community in recent years (see Refs. 3,4 for overviews).
Experimentally, electron cyclotron heating (ECH) effects on toroidal rotation have been
studied in many tokamaks such as DIII-D5,6, TCV7, JT-60U8,9, AUG10,11, KSTAR12,13 for
various conditions, and in stellarators14,15 as well. The direction of core toroidal rotation
changes from co-current in Ohmic H-mode plasmas to counter-current in ECH H-mode
plasmas.5,6 It is also found that ECH induces an increment of counter-current rotation in
co-current or balanced NBI heated L-mode and H-mode plasmas.9–13 After turning on ECH,
the electron temperature (and hence its gradient) in the core region increase dramatically,
and the density gradient also steepens, while the ion temperature and its gradient just
decrease slightly. Counter-current torque induced by micro-turbulence rather than damping
by MHD activity as a physical mechanism to explain ECH effects on toroidal rotation has
been discussed in Refs. 13,15. Linear stability study by gyrokinetic simulation suggests
a possible transition from ion temperature gradient (ITG) turbulence to trapped elctron
mode (TEM) turbulence due to the changes in temperature and density profiles induced
by ECH.11,12 It implies that the counter-current effect induced by ECH might be related
to the turbulence transition from ITG to TEM. Stronger TEM excitation corresponding to
larger reduction of co-current toroidal rotation due to larger trapped electron fraction for
off-aix ECH case is reported in Ref. 13. Due to lack of direct fluctuation measurements
corresponding to the turbulence mode transition, it is difficult to quantitatively compare
experimental observations with theoretical and simulation results.
3From theory and numerical simulations, it is widely recognized that tokamak intrinsic
rotation can be self-generated by micro-turbulence. In turbulent momentum flux, the non-
diffusive, non-convective component, which is usually referred as residual stress is thought to
be the origin of intrinsic torque. Intrinsic rotation generation due to residual stress driven by
electrostatic ITG turbulence has been studied both by gyrokinetic theory16 and by gyroki-
netic simulation.17,18 Collisionless trapped electron mode (CTEM) turbulence driven intrinsic
torque associated with residual stress was also reported in Refs. 19,20. A local gyrokinetic
study on the relationship between the changes of intrinsic rotation and the turbulence tran-
sition from ITG to TEM is also based on an explanation by residual stress.21 In addition,
turbulent acceleration in ITG turbulence was proposed as a new possible mechanism for
driving intrinsic rotation.22,23 In Ref. 22, turbulent acceleration for parallel flow velocity is
obtained, which cannot be written as a divergence of stress term, therefore, it acts as a
local source or sink. This is different from the physics of residual stress, which enters the
flow velocity equation via its divergence. In other words, the turbulent acceleration is an
effective volume-force, while the residual stress is a kind of surface stress. This bears some
similarity with the difference between the turbulent heating24,25 (a possible heat source)
and the turbulent energy pinch26 (one component of the energy flux). Recently, turbulent
acceleration for mean parallel flow is extended to electromagnetic turbulence.27 One may
wonder if the turbulent acceleration contradicts with momentum conservation. The answer
is not. Basically, this is because the conserved physical quantity is canonical momentum
density but not the flow velocity. The canonical momentum density conservation should be
obtained by summing the canonical momentum equation over all species and using quasine-
trality condition.28–32 However, the mean parallel flow velocity evolution equation describes
velocity rather than canonical momentum density. Therefore, there is no constraint of con-
servation for parallel flow velocity. The turbulent acceleration due to CTEM turbulence has
not been calculated. Hence, the goal of this work is to study the theory of intrinsic rotation
driven by both the residual stress and the turbulent acceleration in CTEM turbulence. A
quantitative comparison with the experimental observations beyond the scope of this paper.
In this work, following the procedures of Ref. 22, a mean parallel flow velocity evolu-
tion equation is derived for electrostatic CTEM turbulence using gyrokinetic theory. The
principal results of this paper are as follows:
41. Both parallel Reynolds stress and parallel turbulent acceleration are estimated us-
ing quasilinear theory. Parallel symmetry breaking induced by fluctuation intensity
gradient33 is invoked to calculate the residual stress.
2. The parallel residual stress for CTEM turbulence is predicted to contribute an outward
flux of co-current rotation for normal magnetic shear and turbulence intensity profile
increasing outward. This outward flux of co-current rotation may lead to flattening of
co-current rotation or intrinsic counter-current rotation.
3. The turbulent acceleration driven by CTEM turbulence vanishes, since there is no
phase shift between density fluctuation and ion pressure fluctuation. This is different
from ITG turbulence for which the turbulent acceleration is a co-current drive for
normal magnetic shear and turbulence intensity profile increasing outward, and its
order of magnitude can be comparable to that of the divergence of residual stress.22
4. If the turbulence mode transitions from ITG to TEM, vanishing co-current drive from
turbulent acceleration and the outward flux of co-current rotation may cause flattening
of the co-current rotation profile or counter-current rotation increment, which is quali-
tatively consistent with experimental observations of ECH effects on toroidal rotation.
The remainder of this paper is organized as follows. In Sec. II, we present the derivation of
the mean parallel flow velocity evolution equation. In Sec. III, quasilinear estimates for both
the residual stress and the turbulent acceleration for CTEM turbulence are given. Finally,
we summarize our work and discuss its possible implications for experiments in Sec. IV.
II. PARALLEL FLOW VELOCITY EVOLUTION EQUATION
In this work, we investigate the evolution equation of parallel flow velocity rather than that
of parallel momentum density. We start from nonlinear electrostatic gyrokinetic equation in
the continuity form34
∂
∂t
(FB∗) +∇ ·
(
dR
dt
FB∗
)
+
∂
∂v‖
(
dv‖
dt
FB∗
)
= 0, (1)
with gyrocenter equations of motion
dR
dt
= v‖bˆ+
c
eB∗
bˆ×
(
e∇〈〈δφ〉〉+ µ∇B +miv2‖bˆ · ∇bˆ
)
, (2)
5and
dv‖
dt
= − B
∗
miB∗
· (e∇〈〈δφ〉〉+ µ∇B) . (3)
Here, F = F (R, µ, v‖, t) is the gyrocenter distribution function, µ is the gyrocenter magnetic
moment, B∗ = B+ mic
e
v‖∇× bˆ, B∗ = bˆ ·B∗ is the Jacobian of the transformation from the
particle phase space to the gyrocenter phase space, and 〈〈· · · 〉〉 denotes gyroaveraging.
By taking the zeroth order moment of the nonlinear gyrokinetic equation, we obtain the
equation for gyrocenter density, n ≡ (2π/mi)
∫
dµdv‖FB
∗,
∂
∂t
n+∇ ·
[(
U‖bˆ+ δvE×B + vdκ + vd∇
)
n
]
= 0. (4)
Then, we take the first order moment to obtain the equation for gyrocenter parallel momen-
tum per ion mass,35 nU‖ ≡ (2π/mi)
∫
dµdv‖FB
∗v‖,
∂
∂t
(
nU‖
)
+∇ ·
[
Pi
mi
bˆ+ (δvE×B + 3vdκ + vd∇)nU‖
]
= −
[
e
mi
bˆ · ∇δφ+ c
B
bˆ× (bˆ · ∇bˆ) · ∇δφU‖
]
n. (5)
Here, Pi = 2π
∫
dµdv‖FB
∗
(
v‖ − U‖
)2
= (2π/mi)
∫
dµdv‖FB
∗µB is the ion pressure,
δvE×B = cbˆ × ∇δφ/B is the fluctuating E×B drift velocity, vdκ = cTi/ (eB) bˆ × bˆ · ∇bˆ
is the magnetic curvature drift velocity, vd∇ = cTi/ (eB
2) bˆ ×∇B is the magnetic gradient
drift velocity, and a long wavelength approximation k2⊥ρ
2
i ≪ 1 has been used, with k⊥ the
perpendicular wave number, and ρi the ion Larmor radius. The terms on the right hand side
represent the parallel electric force, along with the effective magnetic field B∗/B∗. These
terms cannot be written as a divergence of momentum flux, consistent with the interpretation
as turbulent momentum source in Ref. 23.
In this work, we focus on ion parallel flow velocity equation, but not gyrokinetic paral-
lel momentum conservation30–32 or the ion parallel momentum equation.23 The conserved
quantity corresponding to toroidal symmetry is the total toroidal canonical momentum den-
sity carried by particles (summing over all species) and fields but not the ion flow velocity.
Therefore, the presence of turbulent source or sink in the mean ion flow velocity equa-
tion does not contradict the gyrokinetic toroidal momentum conservation.30–32 Although the
most natural quantity for theoretical study is the toroidal canonical momentum density,
the quantity measured and estimated from experimental observation is the toroidal ion flow
6velocity. The magnitude of toroidal flow velocity can be approximated by parallel flow ve-
locity for tokamaks, since the toroidal field is much larger than the poloidal field. So taking(
(5)− U‖ × (4)
)
/n, we can obtain the ion parallel flow velocity equation22
∂
∂t
U‖ +∇ ·
[
(δvE×B + 4vd∇)U‖
]
= −
[
2vd∇ · ∇n
n
− e
Ti
vd∇ · ∇δφ− 2vd∇ · ∇Ti
Ti
]
U‖
− 1
mi
bˆ ·
(
e∇δφ+ 1
n
∇Pi
)
. (6)
In low-β plasmas, bˆ ×
(
bˆ · ∇bˆ
)
≃ (1/B)bˆ × ∇B, so the magnetic curvature drift can be
approximated as the magnetic gradient drift, i.e., vdκ ≃ vd∇. Note that the drift velocities are
compressible in toroidal geometry. ∇·δvE×B ≃ 2(e/Ti)vd∇ ·∇δφ and ∇·vd∇ = vd∇ ·(∇Ti)/Ti
are used when deriving the preceding equation. Then, the mean parallel velocity equation
can be derived by taking a flux surface average of Eq. (6), i.e.,
∂
∂t
〈U‖〉+∇ · Πr,‖ = a‖, (7)
where Πr,‖ is the total parallel Reynolds stress, and a‖ is the parallel turbulent acceleration.
The total parallel Reynolds stress can be written as
Πr,‖ =
〈
δvE×B,rδU‖
〉
+
〈
4v0d∇,r
δTi
Ti0
δU‖
〉
. (8)
The two terms on the right hand side of Eq. (8) come from the radial components of the fluc-
tuating δE×B velocity and the magnetic drift velocity, respectively. The second term was
shown to be subdominant to the first one by Hahm et al.35, so we only keep the fluctuating
δE×B induced parallel Reynolds stress in this work. The parallel turbulent acceleration
can be written as
a‖ =
1
min
2
0
〈
δnbˆ · ∇δPi
〉
− 2
〈
δTi
Ti0
v0d∇ · ∇
δn
n0
〉〈
U‖
〉
+
〈
δU‖v
0
d∇ · ∇
(
eδφ
Ti0
− 2δn
n0
− 2δTi
Ti0
)〉
. (9)
This turbulent acceleration term cannot be written as a divergence of the parallel Reynolds
stress! It plays the role of a local source/sink of parallel rotation, and so is significant for
parallel rotation. In particular, the first term in the turbulent acceleration is related to
7parallel gradient of ion pressure fluctuation, but is independent of the parallel velocity. In
our previous work,22 it was shown that the physics of turbulent acceleration is fundamentally
different from that of the residual stress, but the order of magnitude of turbulent acceleration
can be comparable to that of divergence of the residual stress in electrostatic ITG turbulence.
Although CTEM is driven by the trapped electron precession drift resonance,36 toroidal
effects on rotation are not the foci of this work. The magnetic drift induced Reynolds stress
was shown to be subdominant in Ref. 35. The intrinsic turbulent acceleration induced by
parallel ion pressure gradient is robust. It is present in whether the magnetic geometry
is cylindrical or toroidal. Therefore, in the following, we only consider fluctuating δE×B
induced parallel Reynolds stress,
〈
δvE×B,rδU‖
〉
, and the parallel ion pressure gradient induced
turbulent acceleration, 1
min20
〈
δnbˆ · ∇δPi
〉
.
III. QUASILINEAR EXPRESSIONS FOR RESIDUAL STRESS AND
TURBULENT ACCELERATION
In our previous work, we calculated the turbulent acceleration term in ITG turbulence.22
In this work, we calculate the quasilinear expressions for both the residual stress and the
turbulent acceleration term in CTEM turbulence. The linearized perturbed ion distribution
function in Fourier space can be written as
δfik = −i
k‖vthix‖ − ω∗i[1 + ηi(x2‖ + x2⊥ − 3/2)− 2 Lnvthi
∂U0
∂r
x‖]
−i[ωk − k‖v‖] τδφˆkFi0, (10)
where x‖ =
(
v‖ − U0
)
/vthi with vthi =
√
2Ti/mi, x⊥ =
√
µB/Ti0, ηi = Ln/LTi, L
−1
n =
− ∂
∂r
lnn0 is the density gradient scale length, L
−1
Ti
= − ∂
∂r
lnTi is the ion temperature gradient
scale length, ω∗i = −kθ cTieBLn is the ion diamagnetic drift frequency, τ = Te/Ti is the ratio
of the electron temperature to the ion temperature, δφˆk =
eδφk
Te
, and Fi0 is assumed to be a
shifted Maxwellian equilibrium distribution function as follows:
Fi0 = n0
(
mi
2πTi
)3/2
exp
(−x2‖ − x2⊥) . (11)
Since we do not consider the toroidal effects on parallel rotation, magnetic drifts have been
neglected in Eq. (10). For long wavelength modes, kθρi < 1/q, with q being the safety factor,
an approximation |k‖v‖| > ωdi can be justified. Here, ωk = ωr + iγk, with ωr and γk being
8the real frequency and linear growth rate of CTEM. In Ref. 36, the mode is sufficiently
localized near rational surface, Landau resonance between waves and ions was neglected.
Therefore, taking the fluid ion limit, |ωk| ≫ |k‖v‖|, the perturbed ion distribution function
can be simplified to:
δfik =
1
ωk
{
k‖vthix‖ +
ω∗e
τ
[
1 + ηi(x
2
‖ + x
2
⊥ − 3/2)− 2
Ln
vthi
∂U0
∂r
x‖
]}
τδφˆkFi0. (12)
Now, we first calculate the parallel Reynolds stress, and determine its non-diffusive and
non-convective component, i.e., residual stress. To obtain a quasilinear evaluation of the par-
allel Reynolds stress
〈
δvE×B,rδU‖
〉
, we need to calculate δU‖. Taking the
(
v‖ − U0
)
moment
of the fluctuation distribution yields
n0δU‖k = n0kθρscs
1
ωk
(
−∂U0
∂r
+
k‖
kθ
ωci
)
δφˆk. (13)
Then, we can obtain the Reynolds stress as follows:
〈
δvE×B,rδU‖
〉
= ℜ
∑
k
ik2θρ
2
sc
2
s
1
ωk
(
−∂U0
∂r
+
k‖
kθ
ωci
) ∣∣∣δφˆk
∣∣∣2
= −χφ∂U0
∂r
+Πresr,‖ . (14)
Here, the first term is the diffusive term, with diffusivity
χφ =
∑
k
|γk|
ω2r
k2θρ
2
sc
2
sIk, (15)
and the second term is an off-diagonal term, which is the so called residual stress
Πresr,‖ =
∑
k
|γk|
ω2r
k‖kθρsc
3
sIk. (16)
Here, Ik =
∣∣∣δφˆk
∣∣∣2 is the turbulence intensity, ℜ [ iωk
]
= |γk|
ω2r
is used, and the absolute value of
|γk| is required by causality. There is no pinch term since toroidal effects have been ignored
in the perturbed ion distribution function. It is known that the residual stress usually
vanishes if the turbulence intensity Ik is symmetric with respect to k‖. The mechanism for
k‖ symmetry breaking has been intensively studied in the past few years. The mechanism
includes: asymmetric instability,37 E×B shear,38,39 polarization drift,40 up-down asymmetry
of flux surfaces,41–44 and turbulence intensity gradient.33 E×B shear is a frequently invoked
symmetry breaking mechanism for the case of edge transport barriers or internal transport
9barriers, due to their steep ion pressure profiles. However, the ion pressure profile in CTEM
regime need not to be very steep. Another simple symmetry breaking mechanism is that due
to the turbulence intensity gradient.33 In this work, we focus the turbulent intensity gradient
driven parallel residual stress for CTEM turbulence. In toroidal geometry, kθ = nq/r and
k‖ = kθxsˆ/(qR0), where sˆ is the magnetic shear, x = rm,n− r, and rm,n is the radial location
of the resonant surface. Proceeding as in the study of the residual stress induced by intensity
gradient,33 i.e., Ik(x) = |φk|2(x) = Ik(0) + x(∂Ik/∂x), it follows that the residual stress can
be written as
Πresr,‖ =
∑
k
|γk|
ω2r
k2θρsc
3
s
sˆ
qR0
x2
∂Ik
∂x
. (17)
We note that the residual stress driven by CTEM turbulence is an outward flux of co-current
rotation for normal magnetic shear and ∂Ik/∂x > 0. This may result in flattening of co-
current rotation or an intrinsic counter-current rotation increment. Flattening effects due
to residual stress are more important for stronger CTEM excitation. This is qualitatively
consistent with experimental results.13
Next, to calculate the turbulent acceleration induced by parallel gradient of ion pressure
fluctuation, a‖ =
1
min20
〈
δnbˆ · ∇δPi
〉
, we need to obtain δPi by taking the second order
moment of the perturbed ion distribution function, i.e., Eq. (10),
δPik =
1
3
∫
d3v
[
mi
(
v‖ − U0
)2
+ 2µB
]
δfik,
≃ Pi0ω∗e
ωr
(
1− i |γk|
ωr
)
(1 + ηi) δφˆk. (18)
The ion gyrocenter density fluctuation can be obtained from quasi-neutrality condition with-
out consideration of finite Larmor radius (FLR) effects, i.e.,
δnk = n0 (1− iδk) δφˆk, (19)
where the first term on the right hand side is the adiabatic electron response, the second
one is the non-adiabatic response with δk ≃ |γk|ωr .45 From Ref. 36, for long wavelength version
(kθρs ≪ 1) of CTEM which is mainly driven by electron temperature gradient, the real
frequency can be approximated as ωr ≈ ω∗e = kθρscs/Ln, with Ln being the density gradient
scale length, and the linear growth rate is∣∣∣∣ γkω∗e
∣∣∣∣ = 2√πǫ
(
R0
LnG
)3/2
exp
(
− R0
LnG
)
ηe
(
R0
LnG
− 3
2
)
, (20)
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where ǫ is the inverse aspect ratio, G is a function of magnetic shear sˆ and azimuthal angle θ of
the turning point of a trapped electron,46 and ηe = Ln/LTe with LTe the electron temperature
gradient scale length. It is noted that there is no phase shift between the density fluctuation
and the ion pressure fluctuation, so the turbulent acceleration vanishes to the lowest order,
i.e.,
a‖ =
1
min20
〈
δnbˆ · ∇δPi
〉
≃ 0. (21)
This means that for CTEM turbulence, intrinsic rotation drive from residual stress is neces-
sarily dominant over that from turbulent acceleration. This is different from the ITG case
where the turbulent acceleration can provide co-current intrinsic rotation drive, and its order
of magnitude can be comparable to the divergence of residual stress. Unfortunately, since
it is difficult for ion temperature fluctuation diagnostics, one cannot directly measure the
turbulent acceleration from experiments.
IV. SUMMARY AND DISCUSSION
In this work, we investigate the intrinsic parallel rotation generation by CTEM turbu-
lence. By using the electrostatic gyrokinetic theory, we analytically derive the mean parallel
flow velocity evolution equation which includes the usual parallel Reynolds stress and the
parallel turbulent acceleration, as well. From quasilinear estimates, we find that the parallel
residual stress for CTEM turbulence is an outward flux of co-current rotation for normal
magnetic shear and positive fluctuation intensity gradient. The outward flux typically leads
to an intrinsic rotation in the counter-current direction or flattening of co-current rotation.
We found that the turbulent acceleration driven by CTEM turbulence vanishes, due to the
absence of a phase shift between the density fluctuation and the ion pressure fluctuation.
This is analogue to zero particle flux for adiabatic electrons for which there is no phase
shift between density and electric potential fluctuations. Therefore, the turbulent intrinsic
rotation drive in CTEM turbulence mainly comes from the residual stress but not the ac-
celeration. The turbulent intrinsic rotation drive is sensitive to turbulence mode, which is
also suggested by experimental observations. In this work, long wavelength limit is used, so
the ion polarization density is neglected. Extension to a wide range of wavelength version
of CTEM47 by self-consistently taking into account finite Larmor radius effects on CTEM
11
instability and turbulent intrinsic rotation drive may be worthwhile.
Finally, we discuss possible connections of our theoretical results to the experimental
observations of ECH effects on core toroidal rotation. It was shown that the turbulent
acceleration in ITG turbulence can provide co-current intrinsic rotation drive, and its order
of magnitude is comparable to that of the divergence of residual stress.22 However, for CTEM
turbulence, the turbulent acceleration vanishes, and the residual stress induces an outward
flux of co-current rotation. Therefore, the turbulence mode transition from ITG to CTEM
leads to reduction of co-current acceleration and an outward flux of co-current rotation. This
may be relevant to the experimental observation of co-current rotation flattening induced by
ECH.11–13 Our theoretical results is qualitatively consistent with experimental observations,
while a quantitative comparison is beyond the scope this work.
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